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ABSTRACT 

A comparison i s  made between approximate p o l a r i z a b i l i t i e s  

c a l c u l a t e d  i n  t h e  coupled Hartree-Fock approximation wi th  those  

ob ta ined  from t h e  uncoupled Hartree-Fock approximation wi th  f i r s t  

o rde r  c o r r e c t i o n s .  
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1 
I n  a pre.cl S ~ S  paper  under t h i s  t i t l e  formulae have been g iven  

f o r  t h e  f i r s t  order  c o r r e c t i o n s  t o  t h e  uncoupled Hartree- 

Fock2j3 approximation fo r  atomic p r o p e r t i e s 4 J 5 .  

e t .  a l .  compzred t h e  v a r i o u s  Hartree-Fock p e r t u r b a t i o n  schemes f o r  

second order  p r o p e r t i e s *  Using t h e i r  f i r s t  o rder  wave func t ions ,  

k i n d l y  s u p p l i e d  t o  u s  by Prof .  R. P. Hurst ,  w e  have e v a l u a t e d  t h e  

c o r r e c t i o n s  t~ t l ~ e  d i p o l e  and quadrupole p o l a r i z a b i l i t i e s  of  v a r i o u s  

atoms and i o n s ,  T h e  r e s u l t s  a r e  given i n  Tables  I and 11, Also 

included a r e  v a l u e s  c a l c u l a t e d  i n  t h e  coupled Hartree-Fock 

approxirnarir-.r. and a c c u r a t e  v a l u e s  where a v a i l a b l e .  We would now 

l i k e  t o  make some ccmment on v a r i o u s  a s p e c t s  of t h e s e  r e s u l t s .  

Recent ly  Langhoff 
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( i  ) The uni  oupled p o l a r i z a b i l i t y  p l u s  f i r s t  o rder  c o r r e c t i o n  

9 i s  seen  irt every  idse  t o  b e  l e s s  t h a n  t h e  coupled p o l a r i z a b i l i t y  

A c t u a l l y  i t  i s  s t r a i g h t  forward t o  show t h a t  t h i s  i s  t r u e  q u i t e  

g e n e r a l l y .  

f i e l d ,  l e t  4; 
t h e  c o l ~ p l e d  Hartree-Fock wave func t ion ,  a l l  d e f i n e d  i n  r e f e r e n c e  1 

S i n c e  both @ and cy' a r e  s i n g l e  de te rminants ,  i t  fo l lows  t h a t  

L e t  #- be t h e  t o t a l  Hamiltonian, i n c l u d i n g  the e x t e r n a l  

be t h e  uncoupled Hartree-Fock wave f u n c t i o n  and "Y' 

as v' i s ,  b y  d r > f i n i t i o n ,  the energy opt imized s i n g l e  determinant .  

We now imagine expand ing  borh  s i d e s  i n  powers of t h e  e x t e r n a l  f i e l d .  

A s  9 
t h e  z e r a  d n d  : i t s t  order  terms i n  t h e  expansion of E q .  (1 ' ;  - : y Z  equa l .  

and y' dre e q u a l  a t  z e r o  f i e l d ,  one r e a d i l y  v e r i f i e s  t h a t  

1 



. 2 '  

Thus, i f  we now l e t  t h e  f i e l d  go t o  zero ,  we g e t  a cor responding  

i n e q u a l i t y  f o r  t h e  second o rde r  e n e r g i e s .  Th i s  t hen  i s  t h e  

announced i n e q u a l i t y  . Namely, by d e f i n i t i o n  t h e  q u a n t i t y  on t h e  

r i g h t  i s  minus one h a l f  t imes t h e  coupled p o l a r i z a b i l i t y ,  and one 

r e a d i l y  sees ,  u s i n g  t h e  r e su l t s  of r e f e r e n c e  1, t h a t  t h e  q u a n t i t y  

on t h e  l e f t  i s  minus one h a l f  t h e  uncoupled p o l a r i z a b i l i t y  p l u s  

f i r s t  o rder  c o r r e c t i o n .  

10 

( i i )  For some of t h e  c a s e s  l i s t e d ,  t h e  c o r r e c t e d  uncoupled 

va lues  fo r  t h e  p o l a r i z a b i l i t i e s  d i f f e r  s i g n i f i c a n t l y "  from t h o s e  

c a l c u l a t e d  i n  t h e  coupled approximation. S ince  t h e  l a t t e r  a r e  w e l l  

known t o  be c o r r e c t  "through f i r s t - o r d e r " ,  t h i s  s e r v e s  t o  emphasize 

t h e  p o i n t  a l r eady  made i n  Ref.  1 - t h a t  be ing  a c c u r a t e  through f i r s t -  

o rde r  i n  t h e  uncoupled Hartree-Fock approximat ion  i s  - t h e  same a s  

be ing  c o r r e c t  through f i r s t  o rde r  i n  t h e  coupled approximation. 

2 

( i i i )  To i n v e s t i g a t e  f u r t h e r  t h e  r e l a t i v e  accu racy  of t h e  two 

approximations,  w e  have c a l c u l a t e d  t h e  second o rde r  c o r r e c t i o n  t o  t h e  

uncoupled Hartree-Fock e l e c t r o n  d i p o l e  p o l a r i z a b i l i t y  fo r  one e l e c t r o n  

systems. In t h i s  c a s e  t h e  coupled theo ry  i s  e x a c t .  The r e s u l t s  g iven  

i n  Table I11 i n d i c a t e  t h a t  t h e  convergence i s  slow, excep t ,  of cour se ,  

f o r  l a r g e r  2 . 11 

( i v )  The hope expressed  i n  r e f e r e n c e  1, t h a t  t h e  uncoupled 

s e c o n d  order p r o p e r t i e s  w i th  f i r s t  o rde r  c o r r e c t i o n s  might have an 

accuracy  comparable t o  t h e  coupled resul t ,  does  not seem t o  be borne 

out  fo r  war n e u t r a l  sys tems.  
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Footnotes  

1. D .  F.  Tuan, S. T. Eps te in ,  and J .  0. H i r s c h f e l d e r ,  J. Chem 

Phys. 44, 431 (1966). 

2. A .  Dalgarno, Proc. Roy. SOC. (London) A251, 282 (1959).  

3. Our d i s c u s s i o n  i n  t h i s  paper i s  l i m i t e d  t o  Dalgarno 's  uncoupled 

Hartree-Fock approximation (approximation "C" of Langhof f 

e t  a 1  .) .  6 

4 .  The c o r r e c t i o n s  apply  t o  c l o s e d  s h e l l  systems or t o  t h e  open 

s h e l l  c a s e  i f  t h e  i n i t i a l  wave f u n c t i o n  i s  a n  u n r e s t r i c t e d  

Har t r e e  -Fock wave func t ion .  

5 .  I t  perhaps should be poin ted  ou t  t h a t  t h e  f i r s t  o r d e r  c o r r e c t i o n s  

t o  p r o p e r t i e s  b i l i n e a r  i n  p e r t u r b a t i o n  parameters ,  e .g .  s h i e l d i n g  

f a c t o r s  and chemical s h i f t s ,  can be obta ined  by r e p l a c i n g  p w  
i n  r e f e r e n c e  1, w i t h  AIMt + &,Wz and examining t h e  c r o s s  

terms i n  E q s .  (30) and (31) of  t h a t  paper .  I t  can  be seen  t h a t  

f i r s t  o r d e r  wavefunctions i n  both  p e r t u r b a t i o n s a r e  needed t o  

o b t a i n  t h e  c o r r e c t i o n .  

6 .  P. W. Langhoff, M .  Karplus and R .  P.  Hurs t ,  J .  Chem. Phys. 44, 

505 (1966). 

6 
1 .  For the 3 - e l e c t r o n  problem Langhoff e t . a l .  used r e s t r i c t e d  

wave f u n c t i o n s  a s  t h e  3ero-order HLvtpee-Fock orbitals.  It  

i s  f e l t ,  s i n c e  t h e  i n n e r  s h e l l  e l e c t r o n s  c o n t r i b u t e  less  t h a n  

a perc 'cxnt  ~f t h e  t o t a l  p o l a r i z a b i l i t y  and s i n c e  t h e  2s o r b i t a l  

changes only  s l i g h t l y  i n  going from t h e  r e s t r i c t ed  c a l c u l a t i o n  
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Footnotes  (c on t inued ) 

8 t o  t h e  u n r e s t r i c t e d  , t h a t  t he  quoted r e s u l t s  w i l l  be good 
4 

approximations t o  t h e  u n r e s t r i c t e d  p o l a r i z a b i l i t i e s .  

8. L. M.  Sachs,  Phys. Rev. 117, 1504 (1960). 

9.  It appears  from comparison w i t h  t h e  a v a i l a b l e  a c c u r a t e  d a t a  

l i s t e d  i n  Table I, t h a t  the coupled p o l a r i z a b i l i t y  i s  l e s s  t han  

t h e  e x a c t  r e s u l t .  

Proc.  Phys. SOC. (London) 77, 673 (1961). 

See a l s o ,  A .  Dalgarno and J. M. McNamee, 

10. Th i s  i n e q u a l i t y  ho lds  even i f  approximate f i r s t  o rde r  wave 

f u n c t i o n s  a r e  used  if they a r e  obta ined  from a v a r i a t i o n a l  

c a l c u l a t i o n  u s i n g  t h e  same b a s i s  se t  i n  t h e  two c a s e s ,  as i s  

done by Langhoff e t .  a l .  . 6 

11. A s  t h e  nuc lea r  charge  becomes l a r g e  compared t o  t h e  number of 

e l e c t r o n s  t h e  two approximations become, of course,  q u i t e  

comparable a s  t h e  e l e c t r o n - e l e c t r o n  i n t e r a c t i o n  becomes a sma l l  

c o r r e c t  ion .  

, 
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Table I .  Dipole P o l a r i z a b i l i t i e s . ,  ad (3’) 

d o  d ,  O(,+ o ( i  o(0 o( 
b 

3.148 0.036 0.184 0.196 0.2051 

3 .  234x10-1 0. 039x10-1 0. 273x10-1 0. 281x10-1 0.2852x10-’ 

3 . 6 7 1 ~ 1 0 - ~  0 . 0 8 6 ~ 1 0 - ~  0 . 7 5 7 ~ 1 0 - ~  0 . 7 6 9 ~ 1 0 - ~  0 .7  x l o e 2  

3 . 2 6 0 ~ ? 0 - ~  0 . 0 2 6 ~ 1 0 - ~  0 . 2 8 6 ~ 1 0 - ~  0 . 2 9 0 ~ 1 0 - ~  0 . 3 3 ~ 1 0 ~ ~  

D . 1 2 1 ~ 1 0 - ~  0 . 0 1 0 ~ 1 0 - ~  0 . 1 3 1 ~ 1 0 - ~  0 . 1 3 2 ~ 1 0 - ~  0 . 1 5 ~ 1 0 - ~  

0 . 6 3 8 ~ 1 0  - 3  0 . 0 4 7 ~ 1 0 - ~  0 . 6 8 5 ~ 1 0 - ~  0. 688x10-3 

b 

C 

c 

c 

f 
? . 5 1  4.67 12.18 2 1 . 7  2222  d ,  24.422.4 

1 . 2 0  0.59 1.79 2.53 

0.371 0.154 0.525 0.660 

0.153 0.055 0.208 0.246 

0. 750x10-1 0. 238x10-1 0. 988x10-1 0.113 

0.41 1x10- 0. 117x10-1 0. 528x10-1 0.583xlO-’ 

4.28 1. 26 5754 6.26 

1.07 0.24 1.31 1.40 

0.398 0 .073  0.471 0.496 

0.184 0.029 0.213 0.221 

0. 976x10-1 0. 135x10-1 0.111 0.114 

0 . 5 6 6 ~ 1 0 - ~  0 . 0 7 0 ~ 1 0 - ~  0. 636x10-1 0. 650x10-1 
L - -- -- 

a The q u a l i t i e s  and CX’L a r e  t h e  zero-order  apwoximation and 
f ii’st orde t  c o r r e c t i o n  t o  the  p o l a r i z a b i l i t i e s  
comparable t o  q u a n t i t i e s  <Q> and < Q >  of r e f e r e n c e  1 . 

0 



7 

Table I. Dipole P o l a r i z a b i l i t i e s ,  

b K. T .  Chung and R .  P. Hurst, Phys. Rev 
(Accurate c a l c u l a t i o n ) .  

152, 35 (1966) - 

(cent Id) 

c J. E. Meyer and M. G. Hayes, Phys. Rev. 43, 605 (1933). 
(Spectroscopic i n t e r p r e t a t i o n ) .  

d G. E.  Chamberlain and J.  C. Zorn, Phys. Rev. 129, 677 (1963), 
(Atomic beam). 

A .  Dalgarno and A .  E. Kingston, Proc. Phys. SOC. (London) A73, 
455 (1959). (Calculated from t h e o r e t i c a l  o s c i l l a t o r  s t rengths) .  

f 

g For 3-e lec t ron  systems see footnote  7.  
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Table 11. Quadrupole P o l a r i z a b i l i t i e s ,  d% sis> - 
c o u p  l 4 "  

a. a, d o +  ci% o( 
0.748 x 10-1 0.169 x 10-1 0.917 x lo-'  0.967 x lo- '  

0.397 x 0.059 x 0.456 x 0.466 x 

0.567 x l oe3  0.063 x 0.630 x 0.638 x 

0.130 0.011 0.141 0.143 
-4  

-4 
0.399 loe4  0.029 x 0.428 x 0.431 x 10 

0.149 0.009 0.158 0.159 x 10 

32.3 15.4 47.7 62.0 

1.51 0.52 2.03 2.31 

0.218 0.059 0.277 0.300 

0.519 x 10-1 0.117 x 1 O - I  0.636 x 10-1 0.671 x lo- '  

0.165 x 10-1 0.032 x 10-1 0.197 x 10-1 0.204 x lo- '  

0.632 x 0.107 x loe2  0.739 x 10-1 0.761 x 

9 .23  3.29 12.5 14.4 

0.880 0.233 1.11 1.20 

0.171 0.036 0.207 0.217 

0.488 x 10-1 0.087 x 10-1 0.575 x 10-1 0.593 x 10-1 

0.175 x 10-1 0.027 x 10-1 0.202 x 10-1 0.207 x 10-1 

0.733 x 0.099 x 0.847 x 
-. 

0.832 x l o m 2  
.I_ - -___I-- 

\ 

a .  The q u a n t i t i e s  d o  and QL 
f i r s t  order  c o r r e c t i o n  t o  the  p o l a r i z a b i l i t i e s ,  comparable t o  
q u a n t i t i e s  < Q > o  and < Q > l  of r e f e r e n c e  1. 

a r e  the zero-order  approximation and 

b .  For the 3-e lec t ron  s y s t e m  see  footnote  7 .  
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2.559 1.103 .476 4.138 

3.263 .897 .247 4.407 

? 
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Table 111. Dipole P o l a r i z a b i l i t i e s  f o r  t h e  One E l e c t r o n  Atom * 
and Ions i n  t h e  Uncoupled Hartree-Fock Approximation, 
(Atomic U n i t s ) .  

3.995 .44a .050 4.493 

3 

4 

5 

3.592 

3.783 

,725 

.603 

,146 4.463 

.096 4.482 

3.907 ,515  .067 4.489 

Y 

The q u a n t i t i e s  d o ,  d s  and o(= 
* The coupled theory  i s  e x a c t  with o(mw= 4s513 for  a l l  

v a l u e s  of t h e  nuc lea r - cha rge  Z . 
a r e  t h e  ze ro -o rde r  approximation and t h e  f i r s t  two c o r r e c t i o n s  t o  
t h e  p o l a r i z a b i l i t y ,  comparable to<Q), , <Q>l 
and(Q)2 o f  r e f e r e n c e  1. 

, 

. 


